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Ïðåäëîæåí íîâûé ìåòîä ïîñòðîåíèß òî÷íûõ ðåøåíèé ñòàöèîíàðíûõ
êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé ñ ïîìîùüþ ãàðìîíè÷åñêèõ ôóíê-
öèé. Âñå íàéäåííûå ðåøåíèß óäîâëåòâîðßþò òàêæå ñîîòâåòñòâóþùèì
ñèñòåìàì Ýéëåðà è ÍàâüåÑòîêñà.
New method of constructing the exact solutions for stationary quasi-hy-
drodynamic equations with the help of harmonic functions is proposed.
All found solutions also satisfy to corresponding Euler and NavierStokes
systems.
Êëþ÷åâûå ñëîâà: óðàâíåíèß ÍàâüåÑòîêñà, êâàçèãèäðîäèíàìè÷åñ-
êèå óðàâíåíèß, ãàðìîíè÷åñêèå ôóíêöèè, òî÷íûå ðåøåíèß.
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Ââåäåíèå
Ìåòîäû òåîðèè ôóíêöèé øèðîêî ïðèìåíßëèñü ïðè ïîñòðîåíèè òî÷íûõ ðåøå-
íèé êëàññè÷åñêèõ ìîäåëåé ãèäðîäèíàìèêè [1], [2]. Â ÷àñòíîñòè, ñ ëþáîé àíàëè-
òè÷åñêîé ôóíêöèåé íà êîìïëåêñíîé ïëîñêîñòè ìîæíî ñâßçàòü ðåøåíèå óðàâíå-
íèé Ýéëåðà è ÍàâüåÑòîêñà. Îñîáûé êëàññ ïðåäñòàâëßþò ñîáîé óñòàíîâèâøèåñß
áåçâèõðåâûå òå÷åíèß íåñæèìàåìîé æèäêîñòè. Êàæäîìó òàêîìó òå÷åíèþ îòâå÷àåò
ïîòåíöèàë ñêîðîñòåé, ßâëßþùèéñß ãàðìîíè÷åñêîé ôóíêöèåé.
Â ñòàòüå [3] àâòîðîì áûëà ïðåäëîæåíà åùå îäíà ñèñòåìà óðàâíåíèé ãèäðî-
äèíàìèêè, ïîëó÷èâøàß íàçâàíèå êâàçèãèäðîäèíàìè÷åñêîé (ÊÃÄ). Îíà ßâëßåòñß
äèññèïàòèâíîé, èìååò òî÷íûå ðåøåíèß â çàäà÷àõ Ïóàçåéëß è Êóýòòà è îïèñûâàåò
òå÷åíèß ñëàáîñæèìàåìîé âßçêîé æèäêîñòè â øèðîêîì äèàïàçîíå ïàðàìåòðîâ. Ôè-
çè÷åñêèå ïðèíöèïû, ëåæàùèå â îñíîâå òåîðèè, èçëîæåíû â [4], [5]. Ïîëó÷åííûå ê
íàñòîßùåìó âðåìåíè ðåçóëüòàòû óêàçûâàþò íà íàëè÷èå ãëóáîêèõ è ðàçâåòâëåííûõ
ñâßçåé ñèñòåìû ÊÃÄ ñ êëàññè÷åñêèìè ìîäåëßìè [6]  [10]. Â ðàìêàõ ýòîãî ïîäõîäà
ðàçðàáîòàíû íîâûå ýôôåêòèâíûå ÷èñëåííûå ìåòîäû [5], [11], [12].
Â íàñòîßùåé ðàáîòå ïîêàçàíî, ÷òî ñ ëþáîé îïðåäåëåííîé â íåêîòîðîé îáëàñòè
ïðîñòðàíñòâà ãàðìîíè÷åñêîé ôóíêöèåé ìîæíî àññîöèèðîâàòü òî÷íîå ðåøåíèå ñòà-
öèîíàðíûõ óðàâíåíèé ÊÃÄ, êîòîðîå áóäåò óäîâëåòâîðßòü òàêæå ñèñòåìàì Ýéëåðà
è ÍàâüåÑòîêñà.
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1. Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà äëß óñòàíîâèâøèõñß òå÷åíèé
Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà, îïèñûâàþùàß ñòàöèîíàðíûå äâèæåíèß ñëà-
áîñæèìàåìîé âßçêîé æèäêîñòè áåç ó÷åòà âíåøíèõ ìàññîâûõ ñèë, èìååò âèä
div ~u = div ~w, (1.1)
ρ div (~u⊗ ~u) +∇p = 2η div σ̂ + ρ div [(~w ⊗ ~u) + (~u⊗ ~w)]. (1.2)
Çäåñü ñèìâîëîì σ̂ îáîçíà÷åí òåíçîð ñêîðîñòåé äåôîðìàöèé:
σ̂ = σ̂(~u) =
1
2
[
(∇⊗ ~u) + (∇⊗ ~u)T ].
Âåêòîð ~w, ñâßçàííûé ñ âåêòîðîì ïëîòíîñòè ïîòîêà ìàññû ~jm ñîîòíîøåíèåì ~jm =
ρ
(
~u− ~w), âû÷èñëßåòñß ñ ïîìîùüþ âûðàæåíèß
~w =
τ
ρ
(
ρ(~u · ∇)~u+∇p
)
. (1.3)
Ñðåäíßß ïëîòíîñòü æèäêîñòè ρ, êîýôôèöèåíò äèíàìè÷åñêîé âßçêîñòè η è õàðàê-
òåðíîå âðåìß ðåëàêñàöèè τ ñ÷èòàþòñß çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè.
Ðåëàêñàöèîííûé ïàðàìåòð τ îïðåäåëßåòñß ïî ôîðìóëå
τ =
η
ρ c2s
.
Ñèìâîëîì cs îáîçíà÷åíà ñêîðîñòü çâóêà â ñðåäå.
Ñèñòåìà (1.1)  (1.2) çàìêíóòà îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé  ñêîðîñòè
~u = ~u(~x) è äàâëåíèß p = p(~x), ãäå ~x = (x1, x2, x3) = (x, y, z)  çàäàííàß òî÷êà
â ïðîñòðàíñòâå R3~x. Â åå çàïèñè èñïîëüçîâàíû ñòàíäàðòíûå îáîçíà÷åíèß èç òåí-
çîðíîãî àíàëèçà. Íàïðèìåð, äèàäà (~u⊗ ~w) ïðåäñòàâëßåò ñîáîé òåíçîðèíâàðèàíò
âòîðîãî ðàíãà, ïîëó÷åííûé êàê ïðßìîå òåíçîðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ ~u è
~w. Åñëè cs → +∞, òî êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà ïåðåõîäèò â êëàññè÷åñêóþ
ñèñòåìó ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàåìîé æèäêîñòè. Àêñèîìû, ëåæàùèå â
îñíîâå ôèçè÷åñêîãî âûâîäà ñèñòåìû (1.1)  (1.2), íàèáîëåå ïîäðîáíî èçëîæåíû â
[5].
2. Ïîñòðîåíèå òî÷íûõ ðåøåíèé ñòàöèîíàðíûõ êâàçèãèäðîäèíàìè÷åñêèõ
óðàâíåíèé ñ ïîìîùüþ ãàðìîíè÷åñêèõ ôóíêöèé
Ïóñòü V  îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå R3~x, ϕ = ϕ(~x)  îïðåäåëåííàß íà
V ïðîèçâîëüíàß ãàðìîíè÷åñêàß ôóíêöèß. Êàê èçâåñòíî, òàêàß ôóíêöèß ßâëßåòñß
íåïðåðûâíîé, àíàëèòè÷åñêîé è èìååò íåïðåðûâíûå ïðîèçâîäíûå âñåõ ïîðßäêîâ.
Áóäåì òðàêòîâàòü ϕ êàê ïîòåíöèàë ñêîðîñòåé è îïðåäåëèì âåêòîðíîå ïîëå ~u = ~u(~x)
ïî ôîðìóëå
~u = ∇ϕ. (2.1)
Ýòî ïîëå ßâëßåòñß ñîëåíîèäàëüíûì è áåçâèõðåâûì, ïîñêîëüêó
div ~u = div (∇ϕ) = ∆ϕ = 0, (2.2)
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rot ~u = rot (∇ϕ) = 0. (2.3)
Äàâëåíèå p = p(~x) âû÷èñëèì ñ ïîìîùüþ ôîðìóëû Áåðíóëëè
p = A− ρ~u
2
2
, (2.4)
ãäå A  ïðîèçâîëüíàß ïîñòîßííàß.
Ïîêàæåì, ÷òî ïàðà ôóíêöèé (~u, p), îïðåäåëßåìûõ ðàâåíñòâàìè (2.1) è (2.4),
îáðàçóåò òî÷íîå ðåøåíèå ñèñòåìû (1.1)  (1.2). Âñïîìèíàß òîæäåñòâî
∇
(~u2
2
)
= (~u · ∇)~u+ [~u× rot ~u]
è ó÷èòûâàß (2.3), áóäåì èìåòü
0 = ∇
(
ρ
~u2
2
+ p
)
= ρ(~u · ∇)~u+ ρ[~u× rot ~u] +∇p = ρ(~u · ∇)~u+∇p.
Ñèìâîëîì × îáîçíà÷åíî âåêòîðíîå ïðîèçâåäåíèå. Ïðèíèìàß âî âíèìàíèå (1.3),
ïðèõîäèì ê çàêëþ÷åíèþ î òîì, ÷òî
~w = 0. (2.5)
Ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ
div σ̂ = 1
2
(
∆~u+∇(div ~u)
)
= ∇(div ~u)− 1
2
rot rot ~u, (2.6)
â êîòîðîé ñèìâîëîì ∆ îáîçíà÷åí îïåðàòîð Ëàïëàñà. Çäåñü èñïîëüçîâàíî èçâåñòíîå
(ñì. [1], ñ. 32) âåêòîðíîå òîæäåñòâî
∆~u = ∇(div ~u)− rot rot ~u.
Èç (2.6) ñ ó÷åòîì (2.2), (2.3) íàõîäèì
div σ̂ = 0. (2.7)
Â ñèëó (2.2), (2.5) óðàâíåíèå (1.1) óäîâëåòâîðßåòñß òîæäåñòâåííî. Ïðåäñòàâèì
(1.2) â ýêâèâàëåíòíîé ôîðìå
ρ~u div ~u+ ρ~w
τ
= 2η div σ̂ + ρ div
[
(~w ⊗ ~u) + (~u⊗ ~w)]. (2.8)
Ëåâàß è ïðàâàß ÷àñòè (2.8) ðàâíû íóëþ â ñèëó (2.2), (2.5), (2.7) è ïîýòîìó ñîâïà-
äàþò. Òàêèì îáðàçîì, ïàðà (~u, p) çàäàåò òî÷íîå ðåøåíèå (1.1)  (1.2).
Çàìå÷àíèå. Ïðåäëîæåííûé ìåòîä ïîñòðîåíèß ðåøåíèé ïðèìåíèì íå òîëüêî
äëß òðåõìåðíûõ, íî è äëß äâóìåðíûõ óðàâíåíèé â ñëó÷àå óñòàíîâèâøèõñß òå÷åíèé.
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3. Èëëþñòðèðóþùèå ïðèìåðû
Ðàññìîòðèì ïðèìåðû ïîñòðîåíèß òî÷íûõ ðåøåíèé ñòàöèîíàðíûõ êâàçèãèäðî-
äèíàìè÷åñêèõ óðàâíåíèé ñ ïîìîùüþ ãàðìîíè÷åñêèõ ôóíêöèé.
Ïðèìåð 1.Òî÷å÷íûé èñòî÷íèê (ñòîê) ìàññû. Íà ìíîæåñòâå R3~x\~0 ðàññìîòðèì
ãàðìîíè÷åñêóþ ôóíêöèþ òèïà íüþòîíîâà ïîòåíöèàëà:
ϕ = − Q
4pi
√
x2 + y2 + z2
. (3.1)
Ñ ïîìîùüþ (2.1) âû÷èñëèì êîìïîíåíòû âåêòîðà ñêîðîñòè
ux =
Q
4pi
x
(x2 + y2 + z2)3/2
,
uy =
Q
4pi
y
(x2 + y2 + z2)3/2
,
uz =
Q
4pi
z
(x2 + y2 + z2)3/2
. (3.2)
Ôîðìóëà (2.4) ïîçâîëßåò íàéòè ðàñïðåäåëåíèå äàâëåíèß
p = p∞ − ρQ
2
32pi2(x2 + y2 + z2)2
. (3.3)
Çäåñü p∞  çàäàííàß êîíñòàíòà.
Ïîñòðîåííîå ðåøåíèå (3.2), (3.3) îïèñûâàåò ïðîñòðàíñòâåííîå òå÷åíèå îò òî÷å÷-
íîãî èñòî÷íèêà (ñòîêà) ìàññû èíòåíñèâíîñòè Q, ïîìåùåííîãî â íà÷àëî êîîðäèíàò.
Â çàâèñèìîñòè îò çíàêà (+ èëè −) âåëè÷èíà Q èíòåðïðåòèðóåòñß êàê îáúåì æèä-
êîñòè, âûäåëßåìûé èñòî÷íèêîì èëè ïîãëîùàåìûé ñòîêîì çà åäèíèöó âðåìåíè.
Ýòî òî÷íîå ðåøåíèå ñèñòåìû ÊÃÄ áûëî âûïèñàíî â [7] â ñôåðè÷åñêîé ñèñòåìå
êîîðäèíàò.
Ïðèìåð 2. Äèïîëü. Ðàññìîòðèì ãàðìîíè÷åñêóþ ôóíêöèþ
ϕ = − Q
4pi
√
(x+ d)2 + y2 + z2
+
Q
4pi
√
(x− d)2 + y2 + z2 ,
ãäå Q è d  ïîëîæèòåëüíûå ïîñòîßííûå. C åå ïîìîùüþ íàõîäèì êîìïîíåíòû ïîëß
ñêîðîñòè
ux =
Q
4pi
(
x+ d(
(x+ d)2 + y2 + z2
)3/2 − x− d((x− d)2 + y2 + z2)3/2
)
,
uy =
Q
4pi
(
y(
(x+ d)2 + y2 + z2
)3/2 − y((x− d)2 + y2 + z2)3/2
)
,
uz =
Q
4pi
(
z(
(x+ d)2 + y2 + z2
)3/2 − z((x− d)2 + y2 + z2)3/2
)
. (3.4)
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Ïîëå äàâëåíèß èìååò âèä
p = p∞ − ρ2
(
u2x + u
2
y + u
2
z
)
. (3.5)
Çàâèñèìîñòè (3.4), (3.5) îòâå÷àþò òå÷åíèþ îò äèïîëß, ò.å îò èñòî÷íèêà è ñòîêà èí-
òåíñèâíîñòåé Q è −Q, ðàñïîëîæåííûõ â òî÷êàõ ñ êîîðäèíàòàìè (−d, 0, 0) è (d, 0, 0)
ñîîòâåòñòâåííî.
Ïðèìåð 3. Òî÷å÷íûé äèïîëü. Ãàðìîíè÷åñêàß ôóíêöèß
ϕ = − 1
4pi
mxx+myy +mzz
(x2 + y2 + z2)3/2
ïðåäñòàâëßåò ñîáîé ïîòåíöèàë ñêîðîñòåé òå÷åíèß îò òî÷å÷íîãî äèïîëß ñ ìîìåíòîì
~m = (mx,my,mz), ðàñïîëîæåííîãî â íà÷àëå êîîðäèíàò (ñì. [1], c. 279). Ñîñòàâëß-
þùèå âåêòîðà ñêîðîñòè âûãëßäßò ñëåäóþùèì îáðàçîì:
ux =
1
4pi
(
3x(mxx+myy +mzz)
(x2 + y2 + z2)5/2
− mx
(x2 + y2 + z2)3/2
)
,
uy =
1
4pi
(
3y(mxx+myy +mzz)
(x2 + y2 + z2)5/2
− my
(x2 + y2 + z2)3/2
)
,
uz =
1
4pi
(
3z(mxx+myy +mzz)
(x2 + y2 + z2)5/2
− mz
(x2 + y2 + z2)3/2
)
. (3.6)
Äàâëåíèå ìîæåò áûòü íàéäåíî ïîäñòàíîâêîé (3.6) â (3.5).
Çàêëþ÷åíèå
Çàìåòèì, ÷òî âñå ïðèâåäåííûå âûøå òî÷íûå ðåøåíèß ÊÃÄ ñèñòåìû óäîâëåòâî-
ðßþò òàêæå êëàññè÷åñêèì ñòàöèîíàðíûì ñèñòåìàì Ýéëåðà è ÍàâüåÑòîêñà. Àíà-
ëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî äëß ëþáîãî óñòàíîâèâøåãîñß òðåõìåðíîãî èëè
äâóìåðíîãî òå÷åíèß ñ áåçâèõðåâûì ñîëåíîèäàëüíûì ïîëåì ñêîðîñòè, ïîðîæäàå-
ìûì çàäàííûì ãàðìîíè÷åñêèì ïîòåíöèàëîì. Ýòî ñâèäåòåëüñòâóåò î âçàèìîñâßçè
óêàçàííûõ òðåõ ñèñòåì.
Ïåðñïåêòèâíûì ßâëßåòñß íàó÷íîå íàïðàâëåíèå, ñâßçàííîå ñ ðàçðàáîòêîé íîâûõ
ìåòîäîâ ïîñòðîåíèß òî÷íûõ ðåøåíèé ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ êâàçèãèä-
ðîäèíàìè÷åñêèõ óðàâíåíèé, âûßñíåíèåì âîïðîñîâ îá óñëîâèßõ èõ åäèíñòâåííîñ-
òè è ôèçè÷åñêîé àäåêâàòíîñòè, ñðàâíåíèåì ñ ðåøåíèßìè êëàññè÷åñêèõ óðàâíåíèé
ãèäðîäèíàìèêè. Íåêîòîðûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè óæå îïóáëèêîâàíû â
[3]  [10].
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